We suggest a quantum nondemolition scheme to measure a quantized cavity field state using scattering of atoms in general Bragg regime. Our work extends the QND measurement of a cavity field from Fock state, based on first order Bragg deflection [9] , to any quantum state based on Bragg deflection of arbitrary order. In addition a set of experimental parameters is provided to perform the experiment within the frame work of the presently available technology.
I. INTRODUCTION
In twentieth century physics, quantum theory has been a fascinating playground to study the nature of electromagnetic radiations and matter. In this subject, measurement of an unknown state of electromagnetic field poses an interesting question [1] . After the breakthrough made by tomographic technique [2] , numerous methods such as quantum non-demolition [3] , quantum endoscopy [4] and Autler Townes spectroscopy [5] , have been suggested. In quantum non demolition (QND) [6] measurement schemes, field photon number is not altered by measurement process, which includes QND measurement via dispersive atom field coupling [3] , optical Kerr effect [7] and atomic scattering [8, 9] .
Since, momentum distribution of deflected atoms from a quantized cavity field is a function of photon number [10] of the field, therefore, atomic scattering provides various methods to measure field photon statistics. Two such approaches have been employed: (i) Resonant interactions of atoms with a quantized cavity standing light field [11, 12] ; (ii) Nonresonant interaction of atoms with the quantized field, which are qantum nondemolition (QND) schemes. In QND state measurement schemes we reduce field statistics to a single Fock state, and then make repeated measurements to reproduce the field statistics [3, 13, 14] . Such schemes have been discussed to measure the field photon number using a phase sensitive detection of atom [3] and atomic scattering in Raman-Nath regime [8] . Atomic scattering using first order of Bragg regime has been employed to measure Fock state [9] of a cavity field.
In this paper, we study deflection of atoms, in any arbitrary order of Bragg regime, from a far detuned quantized cavity field. We apply this study to measure any quantum state using QND state measurement scheme. As an application of this method, we measure coherent state of electromagnetic field in a very high Q-cavity. In addition a set of experimental parameters is provided to perform the experiment within the frame work of the presently available technology.
In Sec. 2, we present experimental model of our system. In Sec. 3, we develop mathemat-ical model of our system describing the dynamics of atom in a quantized cavity field. We present analytical prescription to study the momentum probability distributions for generalized Bragg regime and provide numerical confirmation of the derived results. Finally, in Sec. 4 , we present our scheme to measure the quantum state of cavity field and successfully apply it to reconstruct coherent state. We also provide set of experimental parameters to realize the suggested scheme.
II. THE MODEL
We consider a beam of atoms moving with centre of mass momentum P, towards a cavity field. The incident atom is in the ground state and the field inside the cavity is an optical standing wave of wavelength, λ. We have the injection rate to be small enough so that only one atom is in the cavity at a time. Moreover, we take large detuning between the cavity field frequency and the atomic transition frequency. This ensures that atom does not exit the cavity in excited state and there is no spontaneous emission which contributes a photon in arbitrary direction.
The effective Rabi frequency of the atom becomes |g| 2 n/2△ = χn, where g is coupling constant, and △ = ν − w 0 is detuning between the field frequency, ν, and the atomic transition frequency, w 0 . We probe the atomic scattering by taking the propagation direction at an angle θ to the normal, satisfying the Fresnel approximation. In this approximation the momentum component, P z , normal to the cavity field, is taken very large compared to the component, P 0 , along the cavity field, as shown in Fig. 1 . This allows us to treat P z classically.
III. ATOMIC SCATTERING FROM CAVITY FIELD
We describe the wave function of our system at any time, t, in discrete momentum space as
Here, C i,n P l is the probability amplitude indicating the atom in state i = a, b at any interaction time t, exiting with momentum P l , and the cavity with n photons. The total Hamiltonian of the system, in dipole and in rotating wave approximations, is
Since, in presence of large detuning, the probability of finding the atom in excited state is very small, we may express the atomic dynamics by means of the effective Hamiltonian as
obtained by applying adiabatic approximation [15] . During interaction with the field, for each complete Rabi cycle, momentum transferred to the atom by the field is either zero or 2hk [16] . Thus momentum of the exiting atom is given as P l = P 0 + lhk, where, l is an even integer. Hence, Eq. (3) leads to a set of infinite coupled rate equations for probability
Here, w rec =h
is the recoil frequency of the atom and its initial momentum is taken to be, P 0 = l 0h k. Interestingly, Eq. (4) helps us to study atomic scattering in any regime.
In Bragg deflection, recoil frequency of the deflected atom is much larger than effective Rabi frequency [9, 17] , that is w rec ≫ χn. By comparing atomic scattering with optical Bragg scattering [18] , we [10, 16, 17, [19] [20] [21] [22] can develop a condition on initial momentum of the incident atom, viz.
k. Here, l o = 2, 4, 6 etc., correspond to first, second, third order of Bragg scattering, respectively. By changing the component of momentum, P 0 , parallel to the cavity, we can change the order of Bragg scattering. In this regime, the conservation of energy provides us l = 0 and l = −l 0 , which indicate only two possible directions of propagation for the scattered atom, one with initial momentum P 0 and the other with momentum −P 0 , respectively, as shown in Fig. 1 .
In presence of above mentioned conditions, Eq. (4) yields a set of coupled rate equations from l = 0 to l = −l 0 for Bragg regime, viz.
i ∂C
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At l = 0 and at l = −l 0 , the diagonal terms of above set of coupled equations vanish. In the Bragg limit, w rec is much larger than χn, the non-vanishing diagonal elements dominate the evolution. Hence, we ignore, adiabatically, the time derivatives of these probability amplitudes. Also the probability amplitudes outside this range acquire very little probability.
Thus, we ignore all the underlined terms in above series. Now retaining only lowest order of χn/2 in the coefficients and back substituting the values, we obtain two coupled equations
where,
,
From Eqs. (11) and (12), we obtain the probability of atom exiting with momentum P 0 , i.e.
Q(P 0 , t), and that of exiting with momentum P −l 0 , i.e. Q(P −l 0 , t), as
where, P (n) is photon statistics. Here, we have used the initial condition that atom enters the cavity with momentum P 0 , therefore, C b,n P 0 (0) = 1 and C b,n P −l 0 (0) = 0. Thus, we find that the probability of finding the exiting atom in either of the two directions, flips as a function of interaction time t, with frequency, |B|.
In the simplest case of first order Bragg scattering, Eq. (4) provides only two coupled rate equations, that is for l = 0 and l = −2. This leads to the results obtained in Ref. [9] ,
In order to verify our above mentioned analytical results obtained by means of adiabatic approximation and in presence of Bragg condition, we exactly solve a system of equations, numerically. The system of first order linear coupled differential equations is obtained from Eq. (4) from l = −500 to l = +500. We solve this set for Bragg regime and present the comparison for 2nd order Bragg scattering, that is for l 0 = 4, in Fig. 2 . We find a good qualitative and quantitative agreement between analytical and numerical results.
IV. QND CAVITY STATE MEASUREMENT
QND measurement process relies on the reduction of field statistics to a single Fock state by means of successive atomic interactions and then repeating the reduction process, such that, the statistics of the Fock states reproduces field statistics. From Eqs. (14) and (15) , we see that momentum distribution of the scattered atoms depends on the photon statistics inside the cavity. If cavity life time is large compared to the time between injections of atoms, then it is possible to invert Eq. (14) In order to apply the procedure we reconstruct the field statistics of a coherent state developed in the cavity. For an interacting atom undergoing Bragg scattering, there exists two directions of propagation. Since undetected atom does not alter the distribution, we can fix our detector at one of the two directions. The reconstruction of photon statistics is based on the conditional probability, P (n/p l (t)) = NP (p l (t) /n), where, l denotes any of the two directions of propagation of deflected atoms, and N is the normalization constant.
Each atom enters the cavity with a different transversal velocity and, therefore interacts with the field for a different interaction time. The new statistics of the cavity field, after the interaction of the atom, updates, having some photon numbers from the field distribution, eliminated. This way lack of information about the field reduces with each measurement and the whole measurement sequence reduces the field to well defined number state, which then does not change until the field relaxes back to its original state. We display this procedure in Fig. 3 . by displaying a simulation of eleven such atoms, with a nonrelaxing field initially described by a coherent state with on average of 10 photons. The effective Rabi frequency is kept as χ = 0.02w rec to remain within the limit of Bragg regime, and initial momentum is taken as P 0 = 4hk, in order to have 2nd order Bragg scattering. We repeat the process of reduction of field statistics to a single Fock state and keep record of the number a Fock state is appearing. This leads us to reconstruct the statistics of the coherent field state, as we show in Fig. 4 (b) . A comparison of original Poisson statistics with the reconstructed one displays a good agreement in Fig. 4 .
We can realize the suggested scheme in laboratory by using the experimental set up of Ref. [19] . We propagate a beam of rubidium atoms of mass M = 1.42 × 10 −25 Kg, through an optical quantum field of wavelength λ = 0.8 µm. Therefore the atom experiences a recoil frequency, w rec = 2π × 3.8 kHz, while passing through the field, provided it is detuned by an amount △ = 2π × 80 MHz. With these parameters at hand, we take g = 2π × 112 kHz, such that, χ ≈ 0.02w rec , in order to realize Bragg regime.
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